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We have applied divide and conquer to arithmetic problems :

• Karatsuba : faster integer multiplication (n'→ n
1%3)

• Strassen : faster matrix multiplication ( n'→ n'0927)

Today we study faster polynomial multiplication ( n' → nlogn ) .

The key tool underlying this ( huge ) speedup is the

Fast Fourier Transform ( FFT ) .

The FFT has numerous applications across all sciences and engineering .

Examples include signal processing and coding theory .

The FFT a divide - and - conquer algorithm for polynomial evaluation .



Polynomial Multiplication

• input : coefficients ao ,a. . . . . . ad of polynomial Atx ) = Ei ai xi

coefficients bo
,
b . . . . , be of polynomial BK ) = Indo bi Xi

• output : coefficients co
,
a
.
. . .

, Cd of polynomial UX) : = Atx) . BIX)

The naive algorithm : follow the definition of polynomial multiplication

CCN --
'

o
do aib; Xix

'

'
= do I Eiio akbi.ie/xi

The algorithm is : For i -- on , . . .,2dL
compute Ci -- = I oakbi-k } Old)

Also
, any algorithm for polynomial multiplication must run in time old) .

Q : can we do better than Old 4 operations?

Observation : multiplication of polynomial evaluations is easy
For every u , Ccu ) = A Cut . Blu) is obtained in l mutt of Alu) and Blu) .

Idea : evaluate A
,
B on many points , then pointwise multiply , then interpolate to get C .



Representations of Polynomials
Aaa

evaluation representationcoefficient representationa
intercept slype

line A Kk Aot A , X ( no
,
Vo )
,
lui
,
Vi) "

- - -
- - - -•

(poly of deg d=I ) Atx) -- (x - Uo) thro any uqu , distinct
U ,

✓z

parabola Atx) -- aotaixtazx
'

luavolduihtluakl
,

(poly of deg d--2) any Uo, Ui .Ur distinct

pole of deg d Atx) -- aotaixt -- - tadx
"

Mahdi " - dud
.
Val

any Uo, . . . .Ud distinct

Fix a domain S with ISI > dtl . (There are many options for choosing S)

• coefficients to evaluations : Atx ) -- Zi.io aixi t { Vu :-. AMBUES
• evaluations to coefficients : { ( U.vn/3uesHAlx1=Eid-oaixis.t-Vu--AlUlV-uES
aka INTERPOLATION 2-

linear system of 1st equations in variables aqa . . . . . , and



Polynomial Multiplication by Evaluation S Interpolation

Multiply ( lao,ai, . .. .ad ) , ( baby . - i bat) :

I . Choose domain S with 15172dm
.

2 . Compute {Alu) Sues : = Evaluate ( Cao
,ay . . .

, add , S ).

3
. Compute {Blu) }ues : = Evaluate ( Cbo

,
bi
, .. . , bad , S ).

4 . For UES
, compute Ccu) : = Alu) Blu ) . Honiquely determines CIN : = Atx) -BK)

5
. Compute (co

,
G
,
.. .

, Czd ) : = Interpolate ( { ( U,Clu)Baes , s ) .

The running time is 2 Tera , Id ) t Old ) t Tinterpkd) .

Thee Fast Fourier Transform (FET) enables us to do EvaVinKrp in Old logd) operations .
This leads to Polynomial Multiplication in Ocd leg d) operations , improving on Ocd D

.

Today we focus on Polynomial only .

The naive algorithm is : For UES
, compute Ala) :-. Ein ai Ui .

This uses 0451 . d) operations
,

which is 0Cd4 when = ④Cd )
.

How to evaluate polynomials foster ?



idea: make a clever choice of S to support a Divides conquer approach

View polynomial as even and odd powers : Atx) = Ae 1×4 t x. Ao 1×4 .

Ex : A ( x ) = 4 t 12X t 20×2 t 13×31-6 xht 7×5 = (4+20×46×4) t Xo (Kt 13×2+7×4)
- -

Ae (x 2) Ao 1×4

=D To compute A on S it suffices to compute Ae , to on S2, and then rewise .

Let's choose s so that S2 is half the size !

S = f- 1,13 : All ) = Ae (1) t Io Ao 11)

Afl ) = Ae l l ) - l . Aofz )
⇒ need Ae

,
Ao on 52=43 .

f- fi
,

- I
,
i
.

- i} : Ahl = Ael " t t - Aol "
⇒ need Ae

,
Ao on S2 -

-
f- 1,13 .

A- f-D= Ae ( D - I . Aol l )

Ali ) = Ael-t ) ti Aol- t )

Ati ) -- Ae ti ) - i Aol- t )

we can use roots of unity for the set S .
-



Rootsofvnity
Im pdaurordsThe n- th roots of unit are all solutions to the equation X! I . n

e = c, ,
They are { ,

,

eat
,

ez
.

,

E3
. 2

,
. . .

,
e
"" '

'

} . µ•-Re

Recall that e'
Ti

-

-
- I
,
so that e'tie 1

.

This means that h and d. e
" i

have the same square .

' n IT i

Ex : -0¥, ÷-52T?
I
e

we can use roots of unity to create a set S s
.t.IS/--n.ls4--Iz,ls4--F,ls8l--hz , . . .

Fix n to be a power of 2 ,
and let S :-.

"

n- th roots of unity
"

.

Then S2 :-.
"

nz - th roots of unity
"

,
s! =

"

F - th roots of unity
"

,
. . .
I
•

Why ? e2 and e
" eti . e'

" E ' '
both square to e

ITI tht
Ai' it

Hi!! !



Fast Fourier Transform
-

• input : coefficients ao.at , . . .. an. . In power of
2)

• output : A two ) , A- (w
' )
,

. . .,
Al w" ) where w :-. e'

"in

• algorithm :

I . Ae : = (90,92 , . - r, an-z) , Ao : = (Al ,a 3 , . .. , an- i )

2. ( Aelw" )
,
Aelw
"

)
.
. . . ,
AelWHY 'D) : = FFT (Ae , w

'
)

}
. ( Ao (W")

,
Aolw
"
)
.
. . .

,
Aolwztn -t )) FFT (Ao, wy

w! (e"Y= e

h . for i -- 0,4-142-1 :
Al wi ) Ae (wilt wi Aol w")

with = wi . w%=wieTi= - wi
A- (with) Ae (wz

- i ) +with Ao (Wai)

5
. output Al Wo ) , ACW

' )
,
. . . .
Alwn

- 'D

viatlastertheorem.TN
running time is Tn) -- 2. Tf E) tan ) -- Ocniogn ) .

a-2. b--30kt → F -
-I '

→ 01h ' logan )



What about interpolation ?

We view it as the inverse of evaluation
,
which is a linear transformation :

i÷÷÷H÷:÷÷÷÷÷÷ii÷:÷:::::X
Even if we are given the matrix inverse for free , multiplication on the left costs any ops .
So we again leverage the fact that the evaluation points are special :
-

Alw" - I call the matrix Mn Cw) .

I :÷÷H÷:÷::÷÷÷.H÷:L :: is:*:c:*::::

tenma Mn (w )
- '
= the pen (w

-i

)
Prot show that Mnlw) . Mn Cws

- '
= n . I

.

The list - th entry is Zanj
'
wir w

-ki . -2¥
'

(wi
-Ilk

.

=p To interpolate { ( wi ,Vi) 3,75
'

,
If i then Cij -- n . If itj then Cij=Yfww = o

.

run th . FFT ( (Vo,Vi , . . .,Vn..) , W
- t ) . [ w- '= e- = ettKii ]

We can also interpolate in an login) ops .


